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A CONCAVE QUADRATIC PROGRAMMING MARKETING STRATEGY MODEL

WITH PRODUCT LIFE CYCLES
ABSTRACT

As a more general approach, authors formulate a concave quadratic programming model of the marketing strategy (QPMS) problem. Due to some built-in limitations of its corresponding linear programming version, the development of the QPMS model is necessary to further improve the research effort of evaluating the profit and sales impact of alternative marketing strategies. It is the desire of the authors that this study will increase the utilization of programming models in marketing strategy decisions by removing artificially restrictive limitations necessary for linear programming solutions, which preclude the study of interaction effects of quantity and price in the objective function. The simulation analysis of the QPMS and its linear counterpart LPMS indicates that the solutions of the QPMS model are considerably more consistent with a priori expectations of theory and real world conditions.

A CONCAVE QUADRATIC PROGRAMMING MARKETING STRATEGY MODEL

WITH PRODUCT LIFE CYCLES
INTRODUCTION

One of the marketing strategic decisions may involve the optimal allocation of sales force and advertising effort in such a way that a firm maximizes its profit or sales. Efforts designed to evaluate the profit and sales impact of alternative sales force and advertising effort are particularly useful in today’s highly competitive marketing environment. The purpose of this paper is three-fold. First, the conventional linear programming marketing strategy (LPMS) model is examined to identify several limitations in marketing strategy problems. Second, a quadratic programming model was formulated to extend and complement the LPMS model of the existing literature in marketing strategy. Finally, results obtained from both models were compared and critical evaluations are made to highlight the difficulty embedded in the marketing strategy problem. A brief review of the well-known linear programming marketing strategy model is provided prior to describing the quadratic programming model of marketing strategy problem.

THE LINEAR PROGRAMMING MARKETING STRATEGY MODEL

As is well-known, the objective of a marketing manager is often focused on profit maximization
 given the various constraints such as availability of sales force, advertising budget, and machine hours. Granted that the total profit level after deducting relevant costs and expenses may not increase at a constant rate, however, in a very short time period, profit per unit of output or service facing a firm may well be constant, i.e., the unit profit level is independent of the sales volume. Thus, the manager can solve the conventional linear programming marketing strategy (LPMS) model from the following profit-maximization problem:
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where I = {1, 2, ...n} is an integer index set denoting n different markets or media options; and J = {1, 2, ... m} is an integer index set denoting m constraints for some or all different markets.

xi
=
unit produced for the ith market or sales volume in



the ith distribution channel

Pi
=
unit profit per xi
ai
=
unit cost of advertising per xi
A
=
total advertising budget

si
=
estimated sales force effort per xi
S
=
total sales force available

ki
=
capacity constraint of all xi’s

lj
=
minimum target sales volume of the jth constraint
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We can rewrite equations [1] through [6] more compactly as:
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Where P(Rn, U(Rmxn, V(Rm, and X(R , and R  is nonnegative orthant of the Euclidean n-space (Rn), and Rmxn is a class of real m by n matrices. As is well-known, such linear programming marketing strategy model contains at least one solution if the constraint set is bounded and convex. The solution property is critically hinged on the constancy of the unit profit level Pi for each market. That is, the assumption of a constant profit level per unit gives rise to a particular set of solutions, which may be inconsistent with the a priori expectations of theory and real world situations.

To illustrate the limitations of the LPMS model, we need to perform some simulation based on the following parameters:


	
	Xl

X2

X3

X4
	
	
	[10]

	Maximize(55,70,27,37)
	
	
	
	

	
	
	
	
	

	subject to
	
	
	
	

	
	15

2

1

-1
	20

8

1

0
	10

3.5

1

0
	9

1

1

0
	
	xl

x2

x3

x4
	
	(
	
	27,000

11,000

12,500

-  270
	
	[11]

	
	Xi ( 0
	
	
	
	[12]


The constraints of advertising budget, sales forces and machine hours are 27,000, 11,000 and 12,500 respectively; and minimum target for market or distribution channel one is 270 units. The solution of this LPMS model and its sensitivity analysis is shown in Table 1. It is evident that the LPMS model has the following three unique characteristics.

First of all, the number of positive-valued decision variables (xi > 0 for some i(I) cannot exceed the number of constraints in the model (Gass, 1985). The lack of positive xi’s (2 positive xi’s in our model) in many cases may limit choices of markets or distribution channels to be made by the decision makers. One would not expect to withdraw from the other two markets or distribution channel (2 and 3) completely without having a compelling reason. This result from the LPMS model may be in direct conflict with such objective as market penetration or market diffusion. For instance, the market of Coca Cola is targeted at different markets via all distribution channels, be it radio, television, sign posting etc. Hence, an alternative model may be necessary to circumvent the problem.

Secondly, the optimum xi’s are rather irresponsive to changes in unit profit margin (Pi). For instance, a change in P1 by 5 units does not alter the primal solutions at all (see Table 1). As a matter of fact, increasing the profit margin of market 1 significantly does not change the optimum xi’s at all. From the most practical point of view, however, management would normally expect that the changes in unit profit margin be highly correlated with changes in sales volumes. In this light, it is evident that the LPMS model may not be consistent with the real-world marketing practice in the sense that sales volumes are irresponsive to the changes in unit profit contribution.

Lastly, the dual variables (yj’s denote marginal profit due to a unit change in the jth right-hand side constraint) remain unchanged as the right-hand-side constraint is varied. It is a well-known fact that incremental profit may very well decrease as, for instance, advertising budget increases beyond some threshold level due to repeated exposure to the consumers, (e.g., where is the beef?). If the effectiveness of a promotional activity can be represented by an inverted u curve, there is no compelling reason to consider unit profit to be constant. In the framework of the LPMS model, these incremental profits or y’s are irresponsive to changes in the total advertising budget (A) and the profit per unit (Pi) within a given base. That is, i(I remains unchanged before and after the perturbations on the parameter for some Xi > 0 as can be seen from Table 1.

A CONCAVE QUADRATIC PROGRAMMING MODEL OF THE

MARKETING STRATEGY PROBLEM

In addition to the three limitations mentioned above, LPMS

model assumes average profit per xi remains constant. This property may not be compatible in most market structures in which the unit profit margin is a decreasing function of sales volumes, i.e., markets of imperfect competitions. As markets are gradually saturated for a given product or service (life cycle of a product), the unit profit would normally decrease. Graduate decay in profit as the market matures seems to be consistent with many empirical observations. Greater profit is normally expected and typically witnessed with a new product. This being the case, it seems that ceaseless waves of innovation might have been driving forces that led to myriad of commodity life cycles throughout the history of capitalistic economy. For this reason, we would like to formulate an alternative concave quadratic programming (QPMS) model as shown below:
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where D is a diagonal matrix of n by n with each diagonal

component di < 0 for all i(I.

Since the constraint is a convex set bounded by linear inequalities, the constraint qualification is satisfied (Hadley, 1964). The necessary (and hence sufficient) conditions can be stated as follows:
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where L (x*, y*) = Z + Y (V-UX) is the Lagrangian equation, and (xL is the gradient of the Lagrangian function with respect to xi(X for all i(I, the * denotes optimum values, and yj is the familiar Lagrangian multipliers associates with the jth constraint (see Luenberger, Chapter 10). For example, the first component of [15] would be C1 + 2d1x1 – a1y1 = 0 for x1 > 0. It implies that marginal profit of the last unit of x1 must equal the cost of advertising per unit times the incremental profit due to the increase in the total advertising budget. Condition [15] and [16] imply that equality relations hold for xi* > 0 for some i(I. Conversely, for some xi* = 0, i.e., a complete withdrawal from the ith market or distribution channel, this equality relation may not hold. Condition [17] and [18] imply that if yj* > 0, then the corresponding advertising, sales force, physical capacity, and minimum target constraints must be binding.

The QPMS model clearly has a strictly concave objective function if D (a diagonal matrix) is negatively definite

(di < 0 for all i(I). With the non-empty linear constraint set, the QPMS model possesses a unique global maximum (Hadley, Chapters 6 and 7). This property holds as long as the unit profits decrease (di < 0) as more and more units of outputs are sold through various distribution channels or markets, a phenomenon consistent with empirical findings.

CRITICAL EVALUATIONS OF THE MARKETING STRATEGY MODELS

To test the property of the QPMS model, we assume the following parameter values
 for sensitivity purposes.

C’ = (5000, 5700, 6600, 6900)

X’ = (x1, x2, x3, x4)
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The total profit function C’X + X’DX is to be maximized subject to the identical constraints [11] and [12] in the LPMS model. By doing so, we can evaluate both LPMS and QPMS models on the comparable basis. The optimum solution to this QPMS model is presented in Table 2 to illustrate the difference.

First, with the assumption of a decreasing unit profit function, the number of markets penetrated or the distribution channels employed (xi > 0) in the optimum solution set is more than that under the LPMS model. In our example, all four markets or distribution channels are involved in the marketing strategy problem. In a standard quadratic concave maximization problem such as QPMS model (e.g., Yang and Labys, 1981, 1982; Irwin and Yang 1982, 1983; Yang and McNamara, 1989), it is not unusual to have more positive x’s than the number of independent constraints. Consequently, the QPMS model can readily overcome the first problem of the LPMS model.

Secondly, as c1 (intercept of the profit function of market
or distribution channel #1) is varied by 100 units or only 2%, all the optimal x’s have undergone changes (see Table 2). Consequently, the sales volumes through various distribution channels in the QPMS model are responsive to changes in the unit profit. This is more in agreement with theoretical as well as real world expectations, i.e., change in profit environments would lead to adjustment in marketing strategy activities.

Lastly, as the total advertising budget is varied by $200 as is done in the LPMS model, the corresponding dual variable y1 (marginal profit due to the changes in the total advertising budget) assumes different values (see Table 2). The changing dual variable in the QPMS model possesses a more desirable property than the constant y’s (marginal profits) in the LPMS model while both models are subject to the same constraints. Once again, the QPMS model provides a more flexible set of solutions relative to the a priori expectations of both theory and practice.

CONCLUSIONS

A quadratic programming model is proposed and applied in the marketing strategy problem. The solution to the QPMS problem may supply valuable information to management as to which marketing strategy or advertising mix is most appropriate in terms of profit while it meets various constraints. The results show that once data are gathered conveniently and statistically estimated via the regression technique or other methods, one can formulate an alternative marketing strategy model. Then these estimated regression parameters can be fed into a quadratic programming

package (e.g., Cutler and Pass, 1971 or Schrage, 1986) to obtain a set of unique optimum solution. The question of how to determine the alternative marketing strategies has important implications for the field of marketing management and marketing manager as well. By accommodating imperfect competitions with a decreasing unit profit function, the QPMS model extends and complements its linear version significantly. Many limitations disappear as we have witnessed in the computer simulations.

More specifically, the model assists in examining the relative importance of different marketing mix variables, e.g., allocation of advertising effort and sales force. Furthermore, with such a more generalized QPMS model, the manager can examine the relative importance of the different levels of the variables involved. The profit and sales impacts of alternative marketing strategies can be determined with incurring little cost in the market place.

A model that provides information of this type should be invaluable to the marketing manager’s efforts to plan and budget future marketing activities. Particularly when it relieves the marketing manager of making a set of artificially restrictive assumptions concerning linearity and independence of the variables that are necessary to utilize linear programming marketing strategy LPMS models.

Finally, since the QPMS model removes the most restrictive assumptions of the LPMS models (in particular the assumptions that price, quantity and all cost and effort variables per unit must be constant and independent of each other) the utilization of the programming models may become more palatable to marketing managers. Our study has indicated that the QPMS model is

considerably more consistent with a priori theoretical and practical expectations. Perhaps this combination will increase real world applications of the QPMS model for solving marketing strategy problems. That is the authors’ motivation for this study.

TABLE 1

SENSITIVITY ANALYSIS OF THE LPMS MODEL

	OPTIMUM

SOLUTION
	ORIGINAL

LPMS MODEL
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	ΔP1=-5
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	109200
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	110550
	
	108377
	.8
	110022
	

	x1
	270
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	0
	

	x3
	0
	
	0
	
	0
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	2527
	.8
	2572
	.2

	y1
	4
	.11
	4
	.11
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	.11
	4
	.11
	4
	.11

	y2
	0
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TABLE 2

SENSITIVITY ANALYSIS OF THE QPMS MODEL

	OPTIMUM

SOLUTION
	ORIGINAL

QPMS MODEL
	
	
	
	

	
	Δ=0
	ΔC1=-100
	ΔC1=100
	ΔA=-200
	ΔA=200

	z
	9048804
	
	9009478
	
	989336
	
	9013933
	
	9083380
	

	x1
	399
	.3
	387
	.2
	411
	.3
	395
	.6
	403
	

	x2
	412
	.5
	419
	.4
	405
	.7
	407
	.1
	418
	

	x3
	675
	.5
	678
	.1
	673
	
	673
	.5
	677
	.6

	x4
	667
	.2
	669
	.3
	665
	.1
	665
	.5
	668
	.8

	y1
	173
	.6
	171
	.8
	175
	.5
	175
	.1
	172
	.1
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	0
	
	0
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� Other objectives of a firm other than profit maximization may be found in the works by A. Shleifer and R. W. Vishny (1988), Navarro (1988), Winn and Shoenhair (1988), and Boudreaux and Holcombe (1989).


� The LPMS example is comparable to that by Anderson, Sweeney, and Williams (1981).


� These parameters are arbitrary, but the constraints remain the same as in the LPMS model.


� The simulation is performed using the software package LINDO by Schrage (1984).


� Simulation results are derived from using GINO (Liebman et al., 1986).





