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Motivation

B At each point in time during the amortization
period, the borrower has the right to choose
among four payment actions: pay the scheduled
payment, a complete prepayment of the loan,
default, or curtailment.

B The borrowers prepay If the interest rate is low
and some borrowers sell their house when the
housing price is high.

B The borrowers will default if the housing price is
lower than the unpaid balance



B All of above involve a first hitting time
problem

e will use first hitting time to price a
mortgage-backed security.



Literature Review

B Lo, Chung and Hui (2007) propose a simple and easy-to-use
method for computing an accurate estimate of the double
barrier hitting time distribution of a mean-reverting lognormal
process, and discuss its application to pricing exotic options
whose payoffs are contingent upon

B Lo and Hui (2006) derive the closed-form formula for the first
passage time density of a time-dependent Ornstein-Uhlenbeck
process.

B Barthéelémy and Prigent(2009) derived the optimal time to sell
the real estate portfolio to maximize the net present value of
free cash flow of housing.



Model Setup

B Stochastic process for housing and Interest
rate

dH, = p, H,dt + o, H,dw !

M, isthe expected growth rate of the house price,

B, is the volatility of house price growth rate, and
is a standard Brownian motion process.



dry = 0(py —rp)dt + 0,dWy,  (2)

4. > the mean reversion level, which is the weighted average level
of the interest rate process

@ : the mean reversion speed

o, : the volatility of the interest rate

W, : the standard Brownian motion process which is
Independent with W,



First Hitting Time

B Denoted ¢, is the first hitting time to hit the
lower barrier ( r ) of interest rate. ie

T, = inf{t; r(t) = r,r, < r(s) foralls€[0,t)}
B Since the interest rate follows OU process, the
distribution function of time hitting is r,

26m(t)+ ro}(b(_ 26m(t)-r,

= pr(““t):@( 2 (1) 0 (5)
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B Denote -~ and - as the first hitting time to the
lower barrier (without hitting the upper barrier
earlier) and the first hitting time to the upper
barrier (without hitting the lower barrier
earlier), respectively, I.e.,

r,=inf{t;H(t)=L,L<H(s)<U foralls<t|
r,=inf{t;H (t)=U,L<H(s)<U foralls<t|

u



B The cumulative density function of - and-, are
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®(.) : the cumulative density function of
standard normal dustribution
S: Initial housing price



Cash flow at time t

As H, hits U at t before L; real estate investors will sell the house and prepay, the cash flow at time t is

CF,, = PMT + UPB,

where PMT is the monthly payment and UPB is the unpaid balance

As r hits r, borrowers are willing to take on a new loan and repay old loan

CF,, = PMT + UPB,
As H, hits L=UPB, borrowers will default
B o
CF3; = H;

As H; and r, don’t hit any barrier

CFyp = PMT



Adjustment the c.d.f. of hitting time

B Since the lower bound of housing price L=umss
a function of t, which is not a constant,
therefore we need to made following adjust
for c.d.f. of hitting time



G, (ty;S,Ly,U) islogical and let ngj(tl) = Gy (ty; S, Ly, U).

The probability of G, (t,;S,L,,U) is overvalued because of including

L, < H <L, attime t;. Then borrows should default attime ¢;. Itis
impossible to touch U at time t,. So, the adjusted Gy is:

Gy (t5) = Gy(t25 S, L, U) — [Gy(t15 S, Ly, U) — Gy (£45 S, Ly, U)]
Similarly, the probability of G, (t3;S,Ls,U) needstoinclude L, < H, < L, at
time t; and L3 < H, < L, attime ¢t,.

Gy (t3) = Gy (ts; S, Ls, U) — [Gy (645, Ly, U) — Gy (15 S, Ly, VD]

- [GU(tZ: S; LS; U) - GU(tZ; S;-LZ! U)]

Therefore
n—1
G5V () = Gu (s S, L, U) = D [Guy(ti; S, Liva, U) = Gy (i3 S, L, U)]
i=1
n=23,.,T
Similarly,
G (t) = G (t1; S, Ly, U)
n—1
LY () = GL(tns S, L, U) + D [Gy (555, L, U) = Gy (55 S, Liwa, U]
i=1

n=23,..T



Pricing a mortgage-backed security

The cumulative probability of hitting a barrier at time t

H, hitU(t, <t) No hitting H, hitl(r, <t)

No hitting p proportion Continue default l—f}p(?‘i, t)
(tp = t) of borrowers holding until

making next period

prepayment
¥ hit n(t, < t) prepayment prepayment default Ppp (13, £)
6oV (t) 1-G3Y () G (1) 1
— 6 ()

For example it has probability Gj““(r] *(1-Prp(ry, t)) (7, >t) and (7, <?), In this

situation, p proportion of borrowers making prepayment




Define

MGy (t:S,L,U) = GiY (&) - G5 (¢ - 1—‘2) (10)
AG,(£:5,L,U) = 67 (0) - 6/ (e - ), (1)

APy (1o, t) = Pry(ro, ) = Pry (rost =), (12)



Pl(t) = Pp prepayment(t) =p X AGU(t; S: L; U) X [1 o pr(TG; t)]; (13)

% () = Pprepayment (8) = [AGy(6:S,L,U) + 1 = G5V (£) = GV ()] X APy (15, )

(14

P3(t) = Pdefauft(t) — AGL(t, S, L, U) X [1‘pr(ro, t)"‘Apr(TU, t)], (15)

P4(T) — Phoid,ing to maturiry(T) =1- Z:;;;;;[Pl(t) + Pz(t) + PB(t)]- (16)



NPV of each state
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Since r is stochastic, we need to take expectation over r
L 2z
Vy, = E[PVy] = E[PMT x (e -5 755 4 ¢~ 7705 4 .o 4 o~1i7s8%) 4 ypB, x
™) = PMT X DLy, B (€67 4 UPB, x E (¢ )
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3 eb(e )
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Valuation of MBS

Non-Agency MBS value= Z:;llﬁzz PV + Py (03 + Ps(t)V5e| + P(T)Vap (19)

Agency MBS value= Z:;ll ;1122 [P, (Vi + Py (W + By (V] + Py(TD)Ver — (20)



Simulation

u,-=0.04, 6=0.25and 0,=0.01.

The parameters of the approximation pricing formula of the MBS

Initial House Price S 5,000,000
Initial Interest Rate 1 0.02

Loan to Value(LTV) 0.8
Coupon rate 7, 0.04
Proportion of Investor p 0.2
Maturity T 30 (years)




Results

Table 3. MBS value

Non-Agency MBS Agency MBS

closed form simulation  error closed form simulation error
4154389.13  4151459.11  0.07% A154277.41 415134759  0.07%

Results suggest that our approximation formula performs well because the error

is smaller than 1 percent.



Loan to Value Effects

Non-Agency MBS Agency MBS
closed form simulation error closed form simulation error
1556079.14 1555042.75 0.07% 1556079.14 1555042.75 0.07%
[815424.78 [814215.67 0.07% [815424.78 [814215.67 0.07%
2074769.16 2073387.33 0.07% 2074769.16  2073387.33 0.07%
233411229  2332557.77 0.07% 2334112.29  2332557.77 0.07%
2593456.69  2591729.51 0.07% 2593456.69  2591729.51 0.07%
2852811.56  2850911.56 0.07% 2852811.56  2850911.56 0.07%
311220285 3110129.05 0.07% 3112202.85  3110129.05 0.07%
3371698.07  3369447.01 0.07% 3371698.06  3369447.00 0.07%
3631469.32  3629031.22 0.07% 363146897  3629030.86 0.07%
3891961.43  3889310.46 0.07% 389195423 3889303.27 0.07%
4154389.13 415145911 0.07% 4154277.41 4151347.59 0.07%




Proportion of Investor Effects

Non-Agency MBS

Agency MBS

ho closed form simulation  error closed form simulation error
).1 4156121.93  4153132.57  0.07% 4156010.22  4153021.05  0.07%
.11 4155948.65 4152965.22 0.07% 415583694  4152853.70 0.07%
.12 415577537 415279788 0.07% 4155663.65  4152686.36 0.07%
.13 4155602.0¢ 4152630.53 0.07% 4155490.37  4152519.01 0.07%
.14 41554798, H 4152463.19 0.07% 4155317.09  4152351.66 0.07%
.15 4155255.53 4152295.84 0.07% 415514381 4152184.32 0.07%
.16 4155082.25  4152128.49 0.07% 4154970.53 4152016.97 0.07%
.17 415490897  4151961.15 0.07% 415479725  4151849.63 0.07%
.18 4154735.69  4151793.80 0.07% 415462397 415168228 0.07%
.19 4154562.41  4151626.46 0.07% 4154450.69  4151514.94 0.07%
).2 4154389.13  4151459.11 _ 0.07% 4154277.41 415134759 0.07%




Interest Rate \olatility Effects

Non-Agency MBS Agency MBS
sigmar closed form simulation error closed form simulation error
0.1% 416969328 416715542  0.06% 4169605.69  4167067.95  0.06%
0.2% 4169212.22 416662632 0.06% 416911947  4166533.70  0.06%
0.3% 4168296.22  4165670.18  0.06% 416819848  4165572.59 0.06%
0.4% 416694528  4164287.00  0.06% 4166842774  4164184.62 0.06%
0.5% 4165216.84  4162537.29  0.06% 416511041  4162431.04 0.06%
0.6% 416321348 4160523, 98 0.06% 416310429  4160414.97 0.06%
0.7% 4161044.64 41583531 0.06% 416093371 4158242 .38 0.06%
0.8% 4158805.06 4156102, 92 0.07% 415869325 4155991 %U 0.07%
0.9% 4156568.52  4153806. 9‘? 0.07% 4156456.50  4153695.1 0.07%
1.0% 4154389.13 41514591 0.07% 415427741 4151347, ‘?9 0.07%
1.1% 4152304.97 4149028, 94 0.08% 415219394 414R891R.1 0.08%
1.2% 4150341.92 414648090  0.09% 4150231.87 4146371 U? 0.09%
1.3% 4148516.83 414378447  0.11% 414840797  4143675.85 0.11%
1.4% 414683995 4140917, %2 0.14% 414673244 4140810.06 0.14%
1.5% 4145316.83 4137871, 0.18% 414521078 413776578  0.18%



House Price Volatility Effects

Non-Agency MBS Agency MBS
sigmah _ closed form simulation closed form simulation  error
1% 4150612.36  4147815.23 4150612.36 414781523 0.07%
2% 4151015.77  4148204.05 4151015.77  4148204.05  0.07%
3% 4151743.15  4148904.86 4151743.15 414890486 0.07%
4% 4152832.68 414995478 4152831.94  4149954.04  0.07%
3% 4154389.13  4151459.11 415427741 415134759 0.07%
6% 4157696.10  4154702.77 4155969.74  4152979.22  0.07%
1% 416668041  4163615.19 4157608.15  4154556.25  0.07%
8% 4185603.51 418246487 4158811.19  4155706.68  0.07%
9% 4215782.36  4212580.48 415932177 4156179.36  0.08%
10% 4255302.63  4252060.01 4159073.29  4155908.94  0.08%




Conclusion

* The close form solution for MBS are derived
and the difference between the results of the
closed form formula and the simulation is
small and generally less than 0.1 percent



