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Motivation 

  At each point in time during the amortization 
period, the borrower has the right to choose 
among four payment actions: pay the scheduled 
payment, a complete prepayment of the loan, 
default, or curtailment. 

The borrowers prepay if the interest rate is low 
and some borrowers sell their house when the 
housing price is high. 

The borrowers will default if the housing price is 
lower than the unpaid balance  



All of above involve a first hitting time 

problem 

we will use first hitting time to price a 

mortgage-backed security. 



Literature Review 

 Lo, Chung and Hui (2007) propose a simple and easy-to-use 

method for computing an accurate estimate of the double 

barrier hitting time distribution of a mean-reverting lognormal 

process, and discuss its application to pricing exotic options 

whose payoffs are contingent upon 

 Lo and Hui (2006) derive the closed-form formula for the first 

passage time density of a time-dependent Ornstein-Uhlenbeck 

process. 

 Barthélémy and Prigent(2009) derived the optimal time to sell 

the real estate portfolio to maximize the net present value of 

free cash flow of housing. 

 

 



Model Setup 

Stochastic process for housing and Interest 
rate 

•                                                                        (1) 

 

     is the expected growth rate of the house price,  

     is the volatility of house price growth rate, and      
is a standard Brownian motion process. 
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First Hitting Time 

Denoted     is the first hitting time to hit the 
lower barrier (    ) of interest rate. ie 

 

Since the interest rate follows OU process, the 
distribution function of time hitting     is 

 

                                                                (5) 
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Denote     and    as the first hitting time to the 

lower barrier (without hitting the upper barrier 

earlier) and the first hitting time to the upper 

barrier (without hitting the lower barrier 

earlier), respectively, i.e., 
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The cumulative density function of              are 

 

 and L H 

 
 2

1 1 1

1/2

2

2 2

1
( ) ( ) ( )

2 2 2

0

; , ,

2
2 2

Φ     Φ   Φ

*
h h

h h h
n h h n h h n h h

L

h

hh h
h h n h h n

a a a

n nh h

L
G t S L U

S

t a t a

e e e
t t

 

  
     



 
   

 



  



 
   

 

 
  
 

 
         
             

           
    
       
     

 

 
 

1

2

1

2

( )
2

1/2

2

( )
2

0

2
   Φ

; , ,

2
Φ

*

h
n h h

h h

h
n h h

h n h
h h n

a

h h

U

h
h h n

b

n h

t a
t a

e
t t

U
G t S L U

S

t b

e
t


 

 


 

 
 

 


 









 




 



   
   

                     
        

    
     

 
  
 

  
  

 


1 1 1

2 2 2

1
( ) ( ) ( )

2 2 2
2 2 2

  Φ   Φ   Φ
h h h

n h h n h h n h h

h h h
h h n h h n h h n

b b b

nh h h

t b t b t b

e e e
t t t

  
     

  
     

  

  
   



             
                  

                 
        
               
         



 
  
  
  
  
    



• where  
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Cash flow at time t 



Adjustment the c.d.f. of hitting time  

Since the lower bound of housing price        is 
a function of t , which is not a constant, 
therefore we need to made following adjust 
for c.d.f. of hitting time      

tL UPB





Pricing a mortgage-backed security 



Define 

 

 

 

 

 

 

 

 

 





NPV of each state 





Valuation of MBS 



Simulation 



Results 



Loan to Value Effects 



 Proportion of Investor Effects 



Interest Rate Volatility Effects 



 House Price Volatility Effects 



Conclusion 

• The close form solution for MBS are derived 
and the  difference between the results of the 
closed form formula and the simulation is 
small and generally less than 0.1 percent  


