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ABSTRACT
Due to limited numbers of reliable international equity funds, the Markowitz investment model is conceptually ideal and computationally efficient in constructing an international portfolio. Overinvestment in one or several fast-growing markets can be disastrous as political instability and exchange rate fluctuations reign supreme. We apply the Le Châtelier principle to international equity fund market with a set of upper limits. Tracing out a set of efficient frontiers, we inspect the shifting phenomenon in the mean-variance space. The optimum investment policy can be easily implemented and risk minimized.
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The Le Châtelier Principle in the Markowitz Quadratic Programming Investment Model: A Case of World Equity Fund Market

I.
INTRODUCTION
As the world is bubbling in the cauldron of globalization, investment in foreign countries ought to be considered as part of an optimum portfolio. Needless to say, returns from such investment can be astronomically high as was evidenced by several international equity funds in the period of the Asian flu.  On the flop side, however, it may become disastrous as political system and exchange rate market undergo structural changes.  The last decade has witnessed a substantial increase in international investments partly due to “hot money” from OPEC, People’s Republic of China and various types of quantum funds, many of which are from the US.  From the report of Morgan Stanley Capital International Perspectives, North America accounted for 51.6% of would equity market.  Most recently, however, European Union begins to catch up with the US.  Along with booming Asian economies, Russia, India and Brazil are making headway into world economic stage.  In addition, Japanese economy has finally escaped from the decade-long depression.  Obviously, the opportunities in terms of gaining security values are much greater in the presence of international equity markets.  
Unlike high correlation between domestic stock markets (e.g., 0.95 between the New York Stock Exchange and the S&P index of 425 large stocks), that between international markets is rather low.  For example, correlations between the stock indexes between the US and Australia, Belgium, Germany, Hong Kong, Italy, Japan and Switzerland were found to be 0.505, 0.504, 0.489, 0.491, 0.301, 0.348 and 0.523 respectively (Elton and Gruber 2003).  In effect, the average correlation between national stock indexes is 0.54.  The same can be said of bonds and Treasury bills.  The relatively low correlation across nations offers an excellent play ground for international diversification, which will no doubt reduce the portfolio risk appreciably.  An example was given by Elton and Gruber (2003) that 26% of the world portfolio excluding the US market in combination with 74% of the US portfolio reduced total minimum risk by 3.7% compared with the risk if investment is made exclusively in the US market.  Furthermore, it was found that a modest amount of international diversification can lower risk even in the presence of large standard deviations in returns.  Solnik (1988) found that 15 of 17 countries had higher returns on stock indexes than that of the US equity index for the period of 1971 – 1985.  In the light of the growing trend of globalization and expanding GDP, a full-fledged Markowitz rather than a world CAPM is appropriate to arrive at optimum international portfolio.  It is of greater importance to study this topic for it involves significantly more dollar amount (sometime in billions of dollars).  The next section presents data and the Markowitz quadratic programming model.  Section III introduces the Le Châtelier principle in terms of maximum investment percentage on each fund.  Section IV discusses the empirical results.  A conclusion is given in Section V.
II.
DATA AND METHODOLOGY
Monthly price data are used from March 2006 to March 2007 for ten international equity markets or 130 index prices.  Using return rt = (Pt – Pt-1)/Pt-1, we obtain 120 index returns from which 10 expected return ri (i = 1, 2 … 10) and 45 return covariances σij and 10 return variances are obtained.  In addition, we assume future index return will not deviate from expected returns.  In his pioneering work, Markowitz (1952, 1956, 1959, 1990, and 1991) proposed the following convex quadratic programming investment model.  
Min xi,xj       v    =  xi2 σii   +    xi xj σij
[1]

                


iεI         iεI jεJ

subject to       ri xi > k
[2]

                 iεI

                   xi = 1
[3]

                 iεI

                 xi > 0   iεI
[4]

where 

xi  = proportion of investment in national equity fund i

                      σii = variance of rate of return of equity fund i





σij = covariance of rate of return of equities i and j



 ri  = expected rate of return of equity fund i

 k   = target rate of return of the portfolio

 I and J are sets of positive integers

Subscripts i=1, 2, 3 …… 10 denote ten equity funds: Fidelity European Growth Fund, ED America Fund, Australia Fund, Asean Fund, Japan Fund, Latin America Fund, Nordic Fund, Iberia Fund, Korea Fund, United Kingdom Fund respectively.  Note that exchange rate is not considered in this study for some studies suggest the exchange rate market is fairly independent of the domestic equity market (Elton and Gruber, 2003, p270).  Moreover, rates of returns on equities are percentages, which are measurement-free regardless of which local currencies are used.

Markowitz model is the very foundation of modern investment with quite a few software available to solve equations (1) through (4).  A standard quadratic programming does not take advantage of the special feature in the Markowitz model and as such the dimensionality problem sets limits to solving a large-scale portfolio.  One way to circumvent this limitation is to reduce the Markowitz model to linear programming framework via the Kuhn-Tucker conditions.  The famed duality theorem that the objective function of the primal (maximization) problem is bounded by that of the dual (minimization) problem lends support to solving a standard quadratic programming as the linear programming with ease.  We employ LINDO (Linear, Interactive, and Discrete Optimizer) developed by LINDO systems Inc. (2000).  The solution in test runs is identical to that solved by other nonlinear programming software, such as LINGO.  We present the results in Section IV.
III.
THE LE CHÂTELIER PRINCIPLE IN THE MARKOWITZ INVESTMENT MODEL
When additional constraints are added to a closed system, the response of variables to such perturbation become more “rigid” and may very well increase the total investment risk, since decision variables have fewer choices.  If the original solution set remains unchanged as additional constraints are added, it is a case of envelope theorem in differential calculus.  In economics terms, it is often said that long-run demand is more elastic than that of a short run.  In reality, however, the decision variables are expected to change as constraints are added.  For instance, optimum investment proportions are bound to vary as the Investment Company Act is enacted.  In particular, the result by Loviscek and Yang (1997) indicates the loss in efficiency of 1 to 2 percentage point due to the Investment Company Act, can translate into millions of dollars loss in daily return.  The guidelines of the Central Securities Administrators Council declare that no more than 5% of a mutual fund’s assets may be invested in the securities of that issuer.  This 5% rule extends to investment in companies in business less than three years, warrants options and futures.  It is to be pointed out that the Investment Company Act applies to domestic mutual funds.  In the case of world equity markets, the magnitude or amount of transaction is much greater and one percentage point may translate into billions of dollars.    
To evaluate the theoretical impact in terms of the Le Châtelier principle, we formulate the Lagrange equation from (1) to (4).



L = v + λ(k - rixij) + γ(1 - xi)





   [5]
Where λ and γ are Lagrange multiplies indicating change in the risk in response to change in right hand side of the constraints.  In particular λ assumes important economic meaning: change in total portfolio risk in response to an infinitesimally small change in k while all other decision variables adjust to their new equilibrium levels, i.e., λ = dv/dk.  Hence, the Lagrange multiplier is of pivotal importance in determining the shape of the efficient frontier in the model.  In the unconstrained Markowitz model the optimum investment proportion in stock (or equity fund) i is a free variable between 0 and 1.  In the international equity market, however, diversification is more important owing to the fact that (i) correlations are low and (ii) political turmoil can jeopardize the portfolio greatly if one puts most of eggs in one basket.  As we impose the maximum investment proportion on each security from 99 percent to 1 percent, the solution to the portfolio selection model becomes more restricted, i.e., the values of optimum investment proportion are bounded within a narrower range when the constraint is tightened.  Such an impact on the objective function v is equivalents to the following: as the system is gradually constrained, the limited freedom of optimum X's gives rise to a higher and higher risk level as k is increased.  This is to say, if parameter k is increased gradually, the Le Châtelier principle implies that, in the original Markowitz minimization system, the isorisk contour has the smallest curvature to accommodate the most efficient adjustment mechanism as shown below:

abs (2v/k2) < abs (2v*/k2) < abs (v**/k2)
[6]

where v* and v** are the objective function (total portfolio risk) corresponding to the additional constrains of xi < s* and xi < s** for all i.  And s* > s** represent different investment proportions allowed under V* and V** and abs denotes absolute value.  Using the envelope theorem (Dixit, 1990), it follows immediately that 
d{L(xi(k),k) = v(xi(k))}/dk = {L(xi,k) 
= v(xi(k))}/
= λ | xi = xi(k)
[7]

As such, equation (6) can be mode to ensure the following inequalities: 
abs (λ/k) < abs (λ*/k) < abs (λ**/k)
[8]

Well-known in the convex analysis, the Lagrange multiplier λ is the reciprocal of the slope of the efficient frontier curve frequently drawn in investment textbooks.  Hence, in the mean-variance space the original Markowitz efficient frontier has the steepest slope for a given set of xi's.  Care must be exercised that the efficiency frontier curve of the Markowitz minimization system has a vertical segment corresponding to a range of low ks and a constant v.  Only within this range do the values of optimum xs remain unchanged under various degrees of maximum limit imposed.  Within this range constraint equation [2] is not active.  That is, the Lagrange multiplier is zero.  As a result, equality relation holds for equation [8].  Outside this range, the slopes of the efficient frontier curve are different according to the result of [8].

IV. AN APPLICATION OF THE LE CHÂTELIER PRINCIPLE IN THE WORLD EQUITY MARKET

Equations (1) through (4) comprise the Markowitz model without upper limits imposed on stocks.  We calibrate the target rate (annualized) k from 11% to 34% with an increment of 1% (Table 1).  At 11%, X2 (ED America Fund) and X3 (Australia Fund) split the portfolio.  As k increases X3 dominates while X2 is given less and less weight, which leads to the emergence of X8 (Iberia Fund).  At 30%, only X4 (Asean Fund) and X8 (Iberia Fund) remain in the portfolio (Table 1).  The efficient frontier (leftmost curve) in Figure 1 takes the usual shape in the mean-variance space.  As we mandate a 35% maximum limit on each equity fund – the least binding constraint - X1(Fidelity European Growth Fund), X2, X3, X8 and X10 (United Kingdom Fund) take over the portfolio from k = 10% to 15% before X4 drops out (Table 2).  Beyond it, X2, X3, X4 and X8 stay positive till k = 24%.  At k = 26% and on X3, X4, X6 (Latin America Fund) and X8 prevail the solution set.  The efficient frontier curve appears in the second leftmost place as shown in Figure 1, indicating the second most efficient risk–return lotus in the market.  As we lower the maximum limit on each equity fund to 30%, again X1, X2, X3, X8 and X10 enter the Markowitz portfolio base with X1, X2, X3, and X8 dominating other funds till k =22% (Table 3).  At k = 27%, X4=0.3, X5 (Japan Fund) = 0.3, X8=0.3, and X10= 0.1 constitute the solution set.  The efficient frontier is next (right) to that with maximum investment limit set at 35%. 

When the maximum investment limit is lowered to 25%, the diversification across world equity market becomes obvious (Table 4); X1, X2, X3, X4, X8 and X10 turn positive at k=11% to k=20%.  At k= 21%, X10 is replaced by X6 till k=24%.  At the highest k=26%, the international equity fund portfolio is equally shared by X4, X6, X8 and X9.  Again, the efficient frontier has shifted a bit to the right, a less efficient position.  Table 5 repots the results when the maximum investment amount is set at 20%.  This constraint is clearly so over-bearing that six of ten equity funds are positive at k =12%, though k = 17%.  The capital market manifests itself in buying majority of equity funds.  As a consequence, the efficient frontier is second to the rightmost curve.  Table 6 presents the last simulation in this paper: an imposition of a 15% maximum investment limit on each equity fund.  This is the most binding constraint and as such we have eight positive investments at k = 15% and 16%.  At its extreme, an equity fund manager is expected to buy every equity fund except X5 at k = 18%.  The solution at k = 21%, the optimum portfolio consists of X1= 0.1, X3 = X4 = X6 = X7 =X8 =X9 = 0.15.  The over-diversification is so pronounced that its efficient frontiers appear to the rightmost signaling the least efficient locus in the mean-variance space.  
V. CONCLUSION 

The Le Châtelier principle developed in thermodynamics can be easily applied to international equity fund market in which billions of dollars can change hands at the drop of a hat.  We need to point out first that considering international capital investment is tantamount to enlarging opportunity set greatly especially in the wake of growing globalization coupled with prospering world economy.  In applying the Le Châtelier principle, there is no compelling reason to fix the optimum portfolio solution at a given set.  As such, optimum portfolio investment amounts (proportions) are most likely to change and lead one to a sub-optimality as compared to the original Markowitz world without upper bound limits.  The essence of the Le Châtelier principle is that over-diversification has its own price, often an exorbitant one, due to its astronomically high value of equity volume transacted.  The forced equilibrium is far from being an efficient equilibrium as the efficient frontiers keep shifting to the right when the maximum investment proportion is tightened gradually.  Is cross-border capital investment worthwhile? On the positive side, the enlarged opportunity will definitely moves solution set to the northwest corner of the mean-variance space, which corresponds to a higher indifference curve.  On the negative side, over-diversification in international equity market has its expensive cost: shifting efficient frontiers to the southeast corner of the mean-variance space.  If foreign governments view these “hot” capital negatively, a stiff tax or transaction cost would slowdown such capital movement.  Notwithstanding these negative considerations, investment in international equity market is clearly on the rise and will become even more popular in the future.  
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TABLE 1: The Markowitz Investment Model without Upper Limits
	Expected rate of return 
	11%
	12%
	13%
	14%
	15%
	16%
	17%
	18%
	19%

	Objective Function Value
	6.78E-02
	6.82E-02
	6.95E-02
	7.16E-02
	7.39E-02
	7.64E-02
	7.91E-02
	8.20E-02
	8.58E-02

	X1 (Fidelity European Growth Fund)
	0
	0
	0
	0
	0
	0
	0
	0
	0

	X2 (ED America Fund)
	0.5
	0.400806
	0.300101
	0.219762
	0.162278
	0.104793
	0.047309
	0
	0

	X3 (Australia Fund)
	0.5
	0.599194
	0.699899
	0.75939
	0.772629
	0.785867
	0.799106
	0.791753
	0.699589

	X4 (Asean Fund)
	0
	0
	0
	0
	0
	0
	0
	0
	0.01296

	X5 (Japan Fund)
	0
	0
	0
	0
	0
	0
	0
	0
	0

	X6 (Latin America Fund)
	0
	0
	0
	0
	0
	0
	0
	0
	0

	X7 (Nordic Fund)
	0
	0
	0
	0
	0
	0
	0
	0
	0

	X8 (Iberia Fund)
	0
	0
	0
	0.020848
	0.065094
	0.109339
	0.153585
	0.208247
	0.287451

	X9 (Korea Fund)
	0
	0
	0
	0
	0
	0
	0
	0
	0

	X10(United Kingdom Fund)
	0
	0
	0
	0
	0
	0
	0
	0
	0

	
	Expected rate of return 
	20%
	21%
	22%
	23%
	24%
	25%
	26%
	27%
	28%

	Objective Function Value
	9.05E-02
	9.59E-02
	0.101866
	0.108515
	0.115818
	0.123775
	0.132387
	0.141654
	0.151575

	X1 (Fidelity European Growth Fund)
	0
	0
	0
	0
	0
	0
	0
	0
	0

	X2 (ED America Fund)
	0
	0
	0
	0
	0
	0
	0
	0
	0

	X3 (Australia Fund)
	0.634087
	0.568585
	0.503083
	0.437581
	0.372078
	0.306576
	0.241074
	0.175572
	0.110069

	X4 (Asean Fund)
	0.057536
	0.102111
	0.146687
	0.191262
	0.235838
	0.280414
	0.324989
	0.369565
	0.41414

	X5 (Japan Fund)
	0
	0
	0
	0
	0
	0
	0
	0
	0

	X6 (Latin America Fund)
	0
	0
	0
	0
	0
	0
	0
	0
	0

	X7 (Nordic Fund)
	0
	0
	0
	0
	0
	0
	0
	0
	0

	X8 (Iberia Fund)
	0.308377
	0.329304
	0.35023
	0.371157
	0.392084
	0.41301
	0.433937
	0.454864
	0.47579

	X9 (Korea Fund)
	0
	0
	0
	0
	0
	0
	0
	0
	0

	X10(United Kingdom Fund)
	0
	0
	0
	0
	0
	0
	0
	0
	0


	
	
	
	
	
	
	
	
	
	

	TABLE 2: Solutions of the Markowitz Model with 35% Upper Limit
Expected rate of return 
9%
10%
11%
12%
13%
14%
15%
16%
17%
18%
19%
Objective Function Value
7.33E-02
7.43E-02
7.58E-02
7.73E-02
7.90E-02
8.07E-02
8.26E-02
8.48E-02
8.80E-02
9.13E-02
9.48E-02
X1 (Fidelity European Growth Fund)
0.085217
0.133884
0.110655
0.087426
0.064197
0.040788
0.015784
0
0
0
0
X2 (ED America Fund)
0.35
0.35
0.35
0.35
0.35
0.35
0.35
0.344409
0.296182
0.247955
0.206365
X3 (Australia Fund)
0.35
0.35
0.35
0.35
0.35
0.35
0.35
0.35
0.35
0.35
0.35
X4 (Asean Fund)
0
0
0
0
0
0.000716
0.007761
0.058159
0.064676
0.071193
0.093635
X5 (Japan Fund)
0
0
0
0
0
0
0
0
0
0
0
X6 (Latin America Fund)
0
0
0
0
0
0
0
0
0
0
0
X7 (Nordic Fund)
0
0
0
0
0
0
0
0
0
0
0
X8 (Iberia Fund)
0
0.029984
0.079497
0.12901
0.178523
0.227105
0.267461
0.247432
0.289142
0.330852
0.35
X9 (Korea Fund)
0
0
0
0
0
0
0
0
0
0
0
X10(United Kingdom Fund)
0.214783
0.136133
0.109848
0.083564
0.05728
0.031391
0.008995
0
0
0
0
Expected rate of return 
20%
21%
22%
23%
24%
25%
26%
27%
28%
29%
Objective Function Value
9.87E-02
0.102903
0.107476
0.112404
0.117688
0.123998
0.139536
0.170337
0.206101
0.228593
X1 (Fidelity European Growth Fund)
0
0
0
0
0
0
0
0
0
0
X2 (ED America Fund)
0.170407
0.134448
0.09849
0.062532
0.026573
0
0
0
0
0
X3 (Australia Fund)
0.35
0.35
0.35
0.35
0.35
0.335403
0.256362
0.137456
0.01855
0
X4 (Asean Fund)
0.129594
0.165552
0.20151
0.237468
0.273427
0.314597
0.35
0.35
0.35
0.35
X5 (Japan Fund)
0
0
0
0
0
0
0
0
0
0
X6 (Latin America Fund)
0
0
0
0
0
0
0.043638
0.162544
0.28145
0.3
X7 (Nordic Fund)
0
0
0
0
0
0
0
0
0
0
X8 (Iberia Fund)
0.35
0.35
0.35
0.35
0.35
0.35
0.35
0.35
0.35
0.35
X9 (Korea Fund)
0
0
0
0
0
0
0
0
0
0
X10(United Kingdom Fund)
0
0
0
0
0
0
0
0
0
0

	
	
	
	
	
	
	
	
	


TABLE 3: Solutions of the Markowitz Model with 30% Upper Limit
	Expected rate of return 
	8%
	9%
	10%
	11%
	12%
	13%
	14%
	15%
	16%
	17%

	Objective Function Value
	7.60E-02
	7.64E-02
	7.78E-02
	7.93E-02
	8.09E-02
	8.26E-02
	8.44E-02
	8.63E-02
	8.83E-02
	9.05E-02

	X1 (Fidelity European 

    Growth Fund)
	0.133913
	0.192955
	0.169726
	0.146497
	0.123268
	0.099031
	0.074027
	0.049023
	0.026376
	0.005827

	X2 (ED America Fund)
	0.3
	0.3
	0.3
	0.3
	0.3
	0.3
	0.3
	0.3
	0.3
	0.3

	X3 (Australia Fund)
	0.3
	0.3
	0.3
	0.3
	0.3
	0.3
	0.3
	0.3
	0.3
	0.3

	X4 (Asean Fund)
	0
	0
	0
	0
	0
	0.004001
	0.011046
	0.018091
	0.040426
	0.076368

	X5 (Japan Fund)
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0

	X6 (Latin America Fund)
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0

	X7 (Nordic Fund)
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0

	X8 (Iberia Fund)
	0
	0.007437
	0.05695
	0.106463
	0.155977
	0.200288
	0.240643
	0.280998
	0.3
	0.3

	X9 (Korea Fund)
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0

	X10(United Kingdom Fund)
	0.266087
	0.199608
	0.173324
	0.14704
	0.120755
	0.09668
	0.074284
	0.051888
	0.033198
	0.017805

	

	Expected rate of return 
	18%
	19%
	20%
	21%
	22%
	23%
	24%
	25%
	26%
	27%

	Objective Function Value
	9.33E-02
	9.71E-02
	0.101255
	0.105743
	0.110586
	0.115785
	0.126251
	0.139566
	0.169119
	0.232735

	X1 (Fidelity European 

    Growth Fund)
	0
	0
	0
	0
	0
	0
	0
	0
	0
	

	X2 (ED America Fund)
	0.289177
	0.253218
	0.21726
	0.181302
	0.145344
	0.109385
	0.059706
	0.00518
	0
	0

	X3 (Australia Fund)
	0.3
	0.3
	0.3
	0.3
	0.3
	0.3
	0.3
	0.3
	0.19239
	0

	X4 (Asean Fund)
	0.110823
	0.146782
	0.18274
	0.218698
	0.254656
	0.290615
	0.3
	0.3
	0.3
	0.3

	X5 (Japan Fund)
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0

	X6 (Latin America Fund)
	0
	0
	0
	0
	0
	0
	0.040294
	0.09482
	0.20761
	0.3

	X7 (Nordic Fund)
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0

	X8 (Iberia Fund)
	0.3
	0.3
	0.3
	0.3
	0.3
	0.3
	0.3
	0.3
	0.3
	0.3

	X9 (Korea Fund)
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0.1

	X10(United Kingdom Fund)
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0


TABLE 4: Solutions of the Markowitz Model with 25% Upper Limit
	Expected rate of return 
	8%
	9%
	10%
	11%
	12%
	13%
	14%
	15%
	16%
	17%

	Objective Function Value
	7.94E-02
	7.94E-02
	8.18E-02
	8.33E-02
	8.50E-02
	8.67E-02
	8.85E-02
	9.06E-02
	9.28E-02
	9.54E-02

	X1 (Fidelity European 

    Growth Fund)
	0.25
	0.25
	0.205568
	0.182278
	0.157274
	0.13227
	0.107728
	0.087178
	0.066629
	0.04608

	X2 (ED America Fund)
	0.25
	0.25
	0.25
	0.25
	0.25
	0.25
	0.25
	0.25
	0.25
	0.25

	X3 (Australia Fund)
	0.25
	0.25
	0.25
	0.25
	0.25
	0.25
	0.25
	0.25
	0.25
	0.25

	X4 (Asean Fund)
	0
	0
	0
	0.000242
	0.007287
	0.014331
	0.02437
	0.060312
	0.096254
	0.132196

	X5 (Japan Fund)
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0

	X6 (Latin America Fund)
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0

	X7 (Nordic Fund)
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0

	X8 (Iberia Fund)
	0
	0
	0.083917
	0.133115
	0.173471
	0.213826
	0.25
	0.25
	0.25
	0.25

	X9 (Korea Fund)
	0
	0
	0
	0
	0
	0
	0
	0
	0
	0

	X10(United Kingdom Fund)
	0.25
	0.25
	0.210515
	0.184365
	0.161969
	0.139573
	0.117903
	0.10251
	0.087117
	0.071725

	

	Expected rate of return 
	18%
	19%
	20%
	21%
	22%
	23%
	24%
	25%
	26%
	

	Objective Function Value
	9.82E-02
	0.10134
	0.104717
	0.112819
	0.124825
	0.138059
	0.152521
	0.170996
	0.318692
	

	X1 (Fidelity European 

    Growth Fund)
	0.02553
	0.004981
	0
	0
	0
	0
	0
	0
	0
	

	X2 (ED America Fund)
	0.25
	0.25
	0.25
	0.216876
	0.16235
	0.107825
	0.053299
	0
	0
	

	X3 (Australia Fund)
	0.25
	0.25
	0.25
	0.25
	0.25
	0.25
	0.25
	0.23757
	0
	

	X4 (Asean Fund)
	0.168138
	0.20408
	0.237302
	0.25
	0.25
	0.25
	0.25
	0.25
	0.25
	

	X5 (Japan Fund)
	0
	0
	0
	0
	0
	0
	0
	0
	0
	

	X6 (Latin America Fund)
	0
	0
	0
	0.033124
	0.08765
	0.142175
	0.196701
	0.25
	0.25
	

	X7 (Nordic Fund)
	0
	0
	0
	0
	0
	0
	0
	0
	0
	

	X8 (Iberia Fund)
	0.25
	0.25
	0.25
	0.25
	0.25
	0.25
	0.25
	0.25
	0.25
	

	X9 (Korea Fund)
	0
	0
	0
	0
	0
	0
	0
	0.01243
	0.25
	

	X10(United Kingdom Fund)
	0.056332
	0.040939
	0.012698
	0
	0
	0
	0
	0
	0
	


TABLE 5: Solutions of the Markowitz Model with 20% Upper Limit
	Expected rate of return 
	11%
	12%
	13%
	14%
	15%
	16%
	17%

	Objective Function Value
	8.91E-02
	8.94E-02
	9.12E-02
	9.33E-02
	9.56E-02
	9.83E-02
	0.101129

	X1 (Fidelity European  Growth Fund)
	0.2
	0.196097
	0.16853
	0.14798
	0.127431
	0.106882
	0.086332

	X2 (ED America Fund)
	0.2
	0.2
	0.2
	0.2
	0.2
	0.2
	0.2

	X3 (Australia Fund)
	0.2
	0.2
	0.2
	0.2
	0.2
	0.2
	0.2

	X4 (Asean Fund)
	0
	0.015936
	0.044255
	0.080197
	0.116139
	0.152081
	0.188023

	X5 (Japan Fund)
	0
	0
	0
	0
	0
	0
	0

	X6 (Latin America Fund)
	0
	0
	0
	0
	0
	0
	0

	X7 (Nordic Fund)
	0
	0
	0
	0
	0
	0
	0

	X8 (Iberia Fund)
	0.2
	0.187968
	0.2
	0.2
	0.2
	0.2
	0.2

	X9 (Korea Fund)
	0
	0
	0
	0
	0
	0
	0

	X10(United Kingdom Fund)
	0.2
	0.2
	0.187215
	0.171822
	0.156429
	0.141037
	0.125644

	

	Expected rate of return 
	18%
	19%
	20%
	21%
	22%
	23%
	24%

	Objective Function Value
	0.105156
	0.115271
	0.126117
	0.137694
	0.157136
	0.183105
	0.244151

	X1 (Fidelity European Growth Fund)
	0.199003
	0.136659
	0.074314
	0.01197
	0
	0
	0

	X2 (ED America Fund)
	0.2
	0.2
	0.2
	0.2
	0.131176
	0.044055
	0

	X3 (Australia Fund)
	0.2
	0.2
	0.2
	0.2
	0.2
	0.2
	0.2

	X4 (Asean Fund)
	0.2
	0.2
	0.2
	0.2
	0.2
	0.2
	0.2

	X5 (Japan Fund)
	0
	0
	0
	0
	0
	0
	0

	X6 (Latin America Fund)
	0.000997
	0.063341
	0.125686
	0.18803
	0.2
	0.2
	0.2

	X7 (Nordic Fund)
	0
	0
	0
	0
	0
	0.003234
	0

	X8 (Iberia Fund)
	0.2
	0.2
	0.2
	0.2
	0.2
	0.2
	0.2

	X9 (Korea Fund)
	0
	0
	0
	0
	0.068824
	0.152711
	0.2

	X10(United Kingdom Fund)
	0
	0
	0
	0
	0
	0
	0


TABLE 6: Solutions of the Markowitz Model with 15% Upper Limit
	Expected rate of return 
	14%
	15%
	16%
	17%
	18%
	19%
	20%
	21%

	Objective Function Value
	0.106891
	0.107619
	0.114122
	0.12277
	0.134269
	0.150141
	0.175912
	0.195432

	X1 (Fidelity European Growth Fund)
	0.15
	0.15
	0.15
	0.15
	0.15
	0.142108
	0.056087
	0.1

	X2 (ED America Fund)
	0.15
	0.15
	0.15
	0.15
	0.15
	0.15
	0.043913
	0

	X3 (Australia Fund)
	0.15
	0.15
	0.15
	0.15
	0.15
	0.15
	0.15
	0.15

	X4 (Asean Fund)
	0.15
	0.15
	0.15
	0.15
	0.15
	0.15
	0.15
	0.15

	X5 (Japan Fund)
	0.1
	0.000542
	0
	0
	0
	0
	0
	0

	X6 (Latin America Fund)
	0
	0
	0.07293
	0.129408
	0.15
	0.15
	0.15
	0.15

	X7 (Nordic Fund)
	0
	0.099458
	0.02707
	0
	0.035453
	0
	0.15
	0.15

	X8 (Iberia Fund)
	0.15
	0.15
	0.15
	0.15
	0.15
	0.15
	0.15
	0.15

	X9 (Korea Fund)
	0
	0
	0
	0
	0.019024
	0.107892
	0.15
	0.15

	X10(United Kingdom Fund)
	0.15
	0.15
	0.15
	0.120592
	0.045523
	0
	0
	0
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