Chapter 18 Solutions

1. The binomial distribution is based on the concept of a Bernoulli process, which has three important characteristics. First, a Bernoulli process is a repetitive random process consisting of a series of independent trials. This means that the outcome of one trial does not affect the probability of the outcome of another. Second, only two outcomes are possible in each trial: success or failure. The probability of success is equal to p, and the probability of failure is (1 – p). Third, the probabilities of success and failure are the same in each trial. If n trials of a Bernoulli process are observed, then the total number of successes in the n trials is a random variable, and the associated probability distribution is known as a binomial distribution.
To develop the binomial distribution, assume that each of the n trials of an experiment will generate one of two outcomes, a success, S, or a failure, F. Suppose the trials generate x successes and (n – x) failures. The probability of success on a particular trial is p, and the probability of failure is (1 – p). Thus the probability of obtaining a specific sequence of outcomes is
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There are several ways in which x successes can be arranged among (n – x) failures. Therefore, the probability of x successes in n trials for a binomial random variable X is
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where 
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= n combinations taken x at a time, n! = n(n – 1)(n – 2)(n – 3) · ·  · (2)(1) 

The symbol n! is read “n factorial.” When n = 0, then n! = 0! = 1. That is the binomial probability function, which gives the probability of x successes in n trials: Using this formula, we can evaluate a binomial probability.
The cumulative binomial function can be defined as
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The value of above equation is the probability that x is less than or equal to k times success. 
2.  The figure below is the binomial distribution of Stock price when time period (n) is 3.
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Where S is initial stock price, u is increase factor, d is down factor.
The Binomial European call option model with 3 periods as
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Where R= (1+r), r is the interest rate, p= (R-d)/(u-d), K is the exercise price.
3. The parameters used in the Binomial model for pricing options are the periods of total trails (n) , initial stock price (S), increase factor (u) and decrease factor (d), exercise price (K), the interest factor (R) and probability (p) which is equal to (R-d)/(u-d) under risk neutral and no arbitrage assumptions. The parameters used in Black-Scholes model are the risk free interest rate (r), initial stock price (S), exercise price (K), time to maturity (T), and the volatility of the stock price (σ). 
The relationship between the parameters of two models is as follows:
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∆t is the length of time in each period of Binomial model for pricing options.
4. Assume there is a portfolio of stocks with H shares and bonds B with the risk free interest rate r. This portfolio can replicate the value of a call option with the same stock as underlying asset and the exercise price X. Then we can use binomial option pricing model to find the hedge ratio.

In the end of first period, stock is either going up as S(u) or going down as S(d) where u is increase factor and d is down factor.
The value of portfolio in the end of first period should be equal to the value of a call option. Therefore,

HS(u)+(1+r)B=Max (S(u)-X,0)

HS(d)+(1+r)B=Max (S(d)-X,0)

The H can be calculated as 
H= [Max (u-X/S,0)- Max (d-X/S,0)]/(u-d)

Based on the H shares of stock, the bond B can be presented as

B= [Max (S(u)-X,0)- HS(u)]/(1+r)= (u)[Max (Su-X,0)- Max (Sd-X,0)]/[(u-d)(1+r)]
The hedge ratio is equal to the numbers of stock shares required to offset the change in value of a call option; therefore, hedge ratio is H. 

Under Black-Scholes option model framework, the hedge ratio (delta) is defined as 
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 Where C = Price of the call option, 
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, N(d) is the value of the cumulative standard normal distribution. Then the number of shares purchased is H =N(d1).

5. For the nth period, the binomial model will generate 2n-1 number of results. The sum of results in each period is equal to 
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Therefore, when the number of period equal to 3, the number of calculations for all results in binomial model is equal to  
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6. The probability of binomial distribution when stock goes up in three out of the five months is equal to 
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Therefore, the call option value in this case is

Max (S (u3d2)-X, 0) = Max (100(1.1530.92)-102, 0) = 21.19 with the probability of 25 percent.

7. We can use the formula Max (S (u3d2)-X, 0) to calculate the call option value as follows
a. When u= 1.2 , Max (S (u3d2)-X, 0)= Max (100(1.230.92)-102, 0) =37.97

b. When d= 0.85, Max (S (u3d2)-X, 0) = Max (100(1.1530.852)-102, 0) =7.88

c. When X= $95, Max (S (u3d2)-X, 0) = Max (100(1.1530.92)-95, 0) = 28.19

d. When S= $110, Max (S (u3d2)-X, 0) = Max (110(1.1530.92)-102, 0) = 33.51

8. When the stock going up in two out of the five periods, the call value is equal to Max (S (u2d3)-X, 0) = Max (100(1.1520.93)-102, 0) = Max (96.41-102, 0)=0
9. When the stock going down in four out of the five months, the value of put option is 

  Max (X -S (u1d4), 0) = Max (102-100(1.1510.94), 0) =26.55
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